In order to avoid divergence of its self-energy the free electron at rest is described as a relativistic continuum of finite extent. It has the form of an axisymmetric torus of finite aspect ratio, which rigidly rotates around its axis of symmetry with superluminal speed (v > c). It is shown that there is a class of stationary solutions of the free-boundary value problem. The parameter dependence of these solutions is related to experimental data.
Introduction
In contrast to point charge theories, where the electron is described as a mathematical point with charge, mass, spin angular momentum, and electromagnetic field, the extended charge theories try to avoid the divergent self-energy by considering particles of finite extent. Not only is this much more complicated, it also needs additional terms to compensate for the Coulomb repulsion, giving rise to an unstable electron. As early as 1905 Poincare [1] suggested nonelectromagnetic cohesive forces, a kind of negative pressure. A history of many such attempts can be found in the book of Rohrlich [2] with its many references. The main difficulty of the extended charge theories is that the boundary conditions imply a so-called virial theorem. This is derived by multiplying the time-independent equation of motion by the position vector and integrating over the whole space. The boundary conditions that all nontrivial fields tend to zero at infinity then yield a contradiction. For the simplest case this was shown in [3] . For the reader's convenience the definitions and formulae are repeated here.
The electron is described in terms of a model of relativistic continuum mechanics and vacuum electrodynamics, which means that and µ have the vacuum values 0 and µ 0 , respectively. The equations of vacuum electrodynamics are written in SI units:
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Here, q is the charge density, 0 and µ 0 are the capacitivity and permeability of free space, c = (
is the vacuum speed of light, and the other symbols have their usual meaning.
With the metric tensor
the 4-velocity and the gradient have the form
and the electromagnetic field is written as
In continuum mechanics with electromagnetic force the simplest relativistic forms of mass and energymomentum balance are
Here, the mass density ρ 0 is a Lorentz invariant which is not necessarily the rest mass density. While the covariant four-vector formulation of the Maxwell equations is well known, the covariant form
of the convection current (5) is not so familiar. Without electric conductivity (11) is the covariant form of Ohm's law. The spatial part of (11) is (5).
The Model
Equations (9) and (10) yield in 3-vector notation
where (13) can be omitted because it is a consequence of (14). The theory starts with Maxwell's equations (1) - (5) and (12) and (14). In the following the timeindependent (stationary) case is considered. By using (3), (4) , and (12) the momentum equation (14) can be written in terms of the stress tensor as [4] 
It has been shown in [3] that, if all fields tend to zero at infinity, there is no non-trivial real solution of (15). However, this conclusion uses the reality of γ, which implies v < c. If one considers the superluminal case v > c, then γ 2 < 0 and the question is whether (12), (14), and (1) -(5) have real solutions which satisfy the physical conditions. This is not obvious, because satisfying the conditions of the virial theorem only is necessary. The condition v > c does not contradict the principles of special relativity, because it is not necessary to transmit signals inside the particle.
The following axisymmetric model is discussed. Both the electromagnetic field and the flow are stationary and axisymmetric. The electromagnetic field is poloidal, the current density and the flow are toroidal, while the mass and charge densities are axisymmetric scalars.
Let s, φ, z be cylindrical coordinates. The timeindependent axisymmetric poloidal electromagnetic field is described by introducing a scalar potential Φ(s, z) and a flux function ψ(s, z):
This satisfies (1) and (2) . Equation (3) is then Poisson's equation
where the charge density q(s, z) is an axisymmetric scalar and ∆ is the Laplace operator in cylindrical coordinates:
Equation (4) reduces to
where j φ (s, z) is the toroidel component of the current density and
is the Stokes operator. If the contour lines ψ = const. in the poloidal plane φ = const. are closed curves, then the configuration is a torus. Let s = s 1 be the smallest and s = s 2 the largest value of s for such a curve. The ratio A = (s 2 + s 1 )/(s 2 − s 1 ) is called the aspect ratio of the torus. The current density vector field is
and from (5) the toroidal flow is related to the current density by
With the axisymmetric functions ρ 0 (s, z), v(s, z), the continuity equation (12) is satisfied. The term ( w· ) w with w = γ v in the momentum (14) has only an s-component.
where
is the axisymmetric toroidal flow. It is the sign of this factor γ 2 in (24) which affords hope of finding a solution for the superluminal case. With the Lorentz force
the momentum equation (14) has the two poloidal components
where the subscripts s and z denote partial derivatives. So, finally we have the five equations (18), (20), (23), (27), and (28) for the six unknowns Φ, ψ, v, ρ 0 , q, j φ . Note, however, that we should consider an inside-outside free boundary value problem, where the toroidal interface has to be determined and outside the interface the PDEs
are valid. The aim is to construct a solution with finite energy. The total energy is
is the mechanical energy, whose density is the 0,0-component of the kinetic energy-momentum tensor, and
are the electromagnetic energies. Here, these three energies should be finite, which means that point charge and line charge cannot be accepted, because both lead to unbounded forces and energies, while the energy of surface charge and volume charge is finite.
The Free Boundary Conditions
For deriving the free boundary conditions it is easiest to start from (15). Integrating (15) over the interior of the torus and applying the Gauss theorem to get the normal component of the stress, which must vanish, one obtains
where n i is the outward pointing normal and the condition v i n i = 0 is used. In terms of Φ and ψ the normal and tangential components of (34) read
with ∂ n the normal and ∂ t the tangential derivative. s∂ n Φ = ±c∂ n ψ, s∂ t Φ = ±c∂ t ψ is a solution of (35) and (36). It is readily seen that it is the only real solution. This can be written in the form
Integrating (37) yields
or, if this is differentiated with respect to z, then
from which it is concluded that
The boundary condition (40) suggests trying to find solutions where all functions are independent of z everywhere in the interior.
The Interior Solution
Let us now consider reflexional symmetry with respect to the equatorial plane z = 0 and assume rigid rotation v = ωs with constant angular velocity ω. Then (28) is satisfied if both Φ and ψ are arbitrary functions of s. Using the abbreviation
the solution of (27) is written in terms of f as
Eliminating q from (18), (20), and (23) yields
Since the boundary conditions (40) are satisfied by assuming that all functions in the interior only depend on s in such a way that, because of
(43) can be integrated once
with an integration constant C 1 and a second time with a constant C 3 in the form of a quadrature:
By eliminating ωψ from (41) and (45) the mass density can be expressed by the electric field E = −Φ
Let the interface between the inside and outside be described by a non-negative function Z(s) defined between the points s 1 and s 2 . Then, if (47) is integrated over the interior volume, the z-integration can be performed by using the reflexional symmetry to give
W is a function which can be minimized with respect to the free parameters under the constraint that the mass
and the total charge −e with e > 0 is fixed:
The variation of W with respect to E(s) yields the Euler equation
Suppose that in (51) the expression in parentheses vanishes everywhere in the interior, implying that
From (52) the derivative of sE
is found. So, this case leads to ρ 0 ≤ 0, thus contradicting condition (49), which means that the minimum of W cannot be found with the aid of the Euler equation. A second possibility is to put the factor Z in (51) equal to zero and to consider the singular limit Z(s) → 0. In this limit the internal region disappears.
The External Solution
In the outside region the axisymmetric vacuum fields are described by the scalar potential Φ and the flux function ψ which satisfy (29). The electric field E is produced by a volume charge density q in the interior V of the torus, and vanishes at infinity. For such a field Green's function 1/r is a fundamental solution of the Laplace equation, where in Cartesian coordinates the function r is the distance between the two points x, y, z and ξ, η, ζ:
The potential Φ in terms of the volume charge density q is written as
which vanishes at infinity and for r = 0 satisfies the Laplace equation. In cylindrical coordinates s, φ, z and
is the complete elliptic integral of the first kind with the parameter
Thus, for Φ in terms of q we have the functional
with
The magnetic field B is produced by a volume current density j in V . It is related to the flow by
The axisymmetric Green's function H for the operator ∆ is derived with the aid of Biot-Savart's formula. It describes the magnetic field of a circular loop (see [5] and [6, p. 290]):
Here,
is the complete elliptic integral of the second kind with the parameter m in (58). The elliptical integral E(m)
should not be mixed up with the electric field E and its absolute value E = | E| = E 2 . For the electromagnetic field to be finite, continuity of Φ and ψ across the interface is assumed. Green's functions G and H behave at ∞ such that
which guarantees that at ∞ the electromagnetic energy density is integrable.
The Surface Charge Limit
In the limit Z(s) → 0 the interior of the torus degenerates to a configuration like an accretion disk, where the charge is localized on the surface S : s 1 ≤ s ≤ s 2 , 0 ≤ φ ≤ 2π, z = 0, on which the volume charge density q tends to infinity in such a way that the surface charge density σ stays finite. In this limit the volume element d 3 τ is small in relation to the surface element d 2 S. For the outside region the surface S is a "surface of discontinuity" on which the jump condition
holds [6] . Let us define the relation between σ and q by
Then in the 2-dimensional integrals (59) and (62) the ζ-integration can be performed, yielding 1-dimensional integrals, and the ζ-dependence in (58) -(62) disappears
H(s, t, z)σ(t)tdt. (69)
The function ψ satisfies the jump relation (see, for instance [7] )
If the integral representations (68) and (69) is obtained. The kernel J is
J(s, t)σ(t)tdt
= C 4 +C 2 s 2 , C 2 = C 1 π 2µ 0 ω 2 (71)J(s, t) = −H(s, t, 0) + s 2 G(s, t, 0) − 2 s s1 uG(u, t, 0)du(72)
Numerical Evaluation
The integral equation (71) is of the first kind. Solving this is not an easy problem, because it is ill-posed and numerically unstable [8, 9] square-integrable solution for every square-integrable r. h. s. In order to deal numerically with numbers of order unity, dimensionless quantities (with a hat) are introduced. With R = e 2 µ 0 /M the classical electron radius let
, H = RĤ,
After dropping the hats one has
Equation (74) leads to the integral equation (71). Using Mathematica [11] this was numerically solved with
The constants C 2 and C 4 are determined by comparison with experimental data. The level lines of the external solutions Φ andψ(s, z) are qualitatively shown in Figures 2 and 3 .
The energies can be written in terms of σ(s) by using (73) -(75) and the derivatives
For the total energy U and the mechanical energy U M one obtains
where the integrations over the poles are done with Cauchy's principle value. The electric energy U E is
For the respective derivation of the magnetic energy
the identity
is used. Finally, with the aid of (73) the electromagnetic fields Φ andψ are expressed by the surface charge density σ. So, all occurring quantities are written in terms of the solution σ(t) of the integral equation (71).
Comparison with Experimental Data
The electron has a charge, mass, spin angular momentum, and electromagnetic field. The model parameters have to be related to these four quantities. In SI units we have the total charge
the total mass
the spin angular momentum
and the magnetic moment
Here, µ B = e /(2M ) is Bohr's magneton and the deviation from unity of the number ν = 1.00116 describes the anomalous magnetic moment. Note that the vectors M and L have opposite direction, i.e. the gyromagnetic factor is negative [12, 13] . For comparison with the torus geometry (81) -(84) are written in dimensionless form as functionals of σ(s):
where α = e 2 /(4π 0 c) = 137.038 −1 is the fine structure constant. The question is whether real parameters s 1 , s 2 , C 2 , C 4 , ω can be chosen in such a way that the four equations (85) -(88) are satisfied. If this could be answered in the affirmative, it would mean that the experimental data correspond to stationary points in parameter space. The electric dipole moment vanishes because of the reflexional symmetry in z. However, the quadrupole moment
is nonzero in the model and would be a candidate for experimentally testing the theory, which yields in dimensionless form
and
At present the stability problem of the configuration is investigated. If it turned out that the experimental data correspond to a minimum of the energy, the theory could be considered as verified.
Conclusion
If the extended electron is classically described then for the case of stationary fields tending to zero at infinity the virial theorem states that the configuration cannot be in equilibrium if there are only electromagnetic forces present. Usually this problem is brushed aside by considering the configuration as a mathematical point (with radius zero). This, however, has the unpleasant consequence, mathematically as well as physically, that the self-energy diverges. If it is required that the energies be finite, then a point charge as well as a line charge cannot be accepted, because both lead to unbounded forces and energies, whereas the energies of a surface charge and a volume charge are finite. If one writes down the simplest relativistic forms of mass and energy-momentum balance for the case where there is only an electromagnetic force present, it is found that, if the system rotates with superluminal speed (v > c), there is a term with the factor γ 2 which has the opposite sign to the subluminal case v < c. It is this change of sign which makes it possible to bypass the virial theorem and find a stationary solution of the free-boundary value problem. The condition v > c does not necessarily contradict the principles of relativity, because there is no need to transmit signals inside the particle. The question is: what is more fundamental inside a particle, the validity of electrodynamics or of relativistic mechanics? If one accepts the first alternative, then as a consequence a torus is needed because otherwise for v > c there will be a singularity on the axis of rotation.
As a result of the theory, four dimensionless numbers are computed: 1) the ratio of the electromagnetic energy to the total energy, 2) the ratio of the electric energy to the magnetic energy, 3) the aspect ratio of the configuration, 4) the ratio ωs 1 /c of the rotation speed to the speed of light. These will be presented in part II.
This model for the electron shows that quantization is not always necessary, and sometimes the description by stationary states of continuum mechanics may be simpler.
